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The question whether there exist cubic graphs with two orbits and simple eigenvalues *tJ;j is 
answered in the affirmative; the minimum number of vertices of such graphs is equal to 32. 
Let a finite graph (or, more generally, a multigraph) be given. The eigenvalues 
of its adjacency matrix form the spectrum of the graph. M. Petersdorf and H. 
Sachs [2] studied the spectrum of a graph ic dependence on its automorphism 
group. If A is a simple eigenvalue of a regular graph of third degree, which has 
exactly two orbits with respect to the automorphism group, then A has one of the 
following values: 0, f 1, f 2, f 3, f A, i&, and the roots of the equations 
x2*2x - 1 = 0, X*&X - 4 = 0. With the exception 07 =tfi, examples of graphs 
could be constructed to each of the 19 values. But the existence of a graph of 
third degree with two orbits and with simple eigenvalues f & was left open in 
CA . 
D. Cvetkovic and L. Kraus [l] found such a graph with loops having 8 vertices. 
But they modified the conditions of the problem by counting a loop only once in 
the definition of the degree of a vertex (instead of twice as in [2]). Here we 
present an example of a cubic graph with two orbits and simple eigenvalues 3: &. 
This graph is constructed from two complete graphs 1K, K’ with 4 vertices. All 
edges of X and K’ are subdivided by two new vertices and the corresponding new 
vertices of K and K’ are joined. The vertices of K and K’ form one orbit and the 
new vertices form the other one. (See Fig. 1). The spectrum of the graph has been 
calculated by a computer with 
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a tolerance of 10s3 as follows: 
0.0000 - 1.5616 
0.0000 - 1.7321 
- 0.5293 - 2.0000 
- 0.5293 - 2.0000 
- 0.5293 - 2.0000 
- 1.0000 - 2.8136 
- 1.5616 - 2.8136 
- 1.5616 - 2.8 136 
221 
222 hf. Schulz 
Fig. 1. 
It is easy to show that 4 belong to the spectrum, and the computer computa- 
tion secures that these eigenvalues are simple. 
In the following we will sketch the way how this example has been found. A 
detailed version with complete proofs is given in [3]. We can show that only a 
proper graph (nc multigraph) can have the desired properties. Let G be such a 
graph and let 5 = 0, U O2 be the orbit decomposition. We denote with n, al, n2 
the numbers of vertices of G, O,, O2 and we assume nl 2 n2. Among other things 
we can show 
n*32, nl = 3n,, n, ~0 (mod 12). 
(Therefore our example is minimal with respect to the number of vertices). 
Furthermore: Each vertex of 0, has exactly one edge leading to O2 and from a 
vertex of 0, all edges lead to 0,. Using this and other more complicated 
conditions it has been possible to start with a small subgraph and to develop our 
example in a quite constructive way. 
References 
D-M. Cvetkovie and L. Kraus, Tables of simple eigenvalues of some graphs whose automorphism 
group has two orbits, Publications de la FacultC d’Elektratechnique de Wniversite Belgrade, SCrie 
Mathematiques et Physique, No. 381-409 (1972) 89-95. 
M. Petersdorf and H. Sachs, Spektrum und Automorphismengruppe eines Graphen, in: Com- 
binatorial Theory and Its Applications III, Coil. Math. Sot. J. Bolyai 4 (North Holland, Amster- 
dam. 1970) 89 l-907. 
M. Schulz, Automorphismen und Eigenwerte von Graphen, Diplomarbeit, Humboldt-Universitiit 
zu Berlin ( 1979). 
